Properties of Determinants

1 Mark Questions

2 7 65
1. Write the value of|3 8 75|
5 9 86

All India 2014C

3 8

~ 7| + |

|9 86 15 86 15 9]

[expanding the determinant along R,]

2688 —675)— 7(258 -375) + 65 (27 - 40)

26 +819 — 845
=845 -845=0

(1

2. Prove the following, using properties.of
determinants

a+b+2 a b
C b+c+2a b
C a c+a+2b
=2 +b+c)? Delhi 2014
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a+b+2c a b
LHS = C b+c+2a b
& a c+a+2b

On applying C, — C, + C, + C;, we get

| 2(a+ b +c¢) a b
LHS=|2(a+b+c) b+c+2a b
| 2(a+b+c) a c+a+2b

On taking 2(a + b + ¢) common from C;, we

get

1 a b
LHS=2(a+b+c)|1 b+c+2a b

T a c+a+2b

| (1/2)

On applying R, - R, =R, and R; — R; —R,,
we get

1 a b

IHS=2(a+b+c¢)|0 b+c+a 0
0 0 c+a+b

On taking(a + b + ¢) common from R, and R;,

we get
1 a b
LHS=2(a+b+c)3|0 10
|0 0 1

On expanding along R;, we get
LHS = 2(a + b +¢)* [(1) (1- 0)] (1/2)
=2(a+b+c) =RHS Hence proved.
3. Using properties of determinants, prove that

> +1  xy Xz
xy yi+1 =1+xt+y?+2°
2
% p Bl Delhi 2014
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|x2+1 Xy XZ |
LHS =] xy y°+1 vz
| XZ yZ z +1|

On taking common factors x, y and z from
R,, R, and R;, we get

1
X+ — y Z
X

LHS sxyz X y + L Z

X % z+;

On applying R, - R, =R, and R; = R, =R,

we get

1

X+— Vy Z
X

LHS = xyz e 0 (1/2)

Xy

L
X Zz

On multiplying and dividing C, by x, C, by y

; 1 1 1
and C, by z and taking common —, —, —from
X'y z

C,, C, and C;, we get

T 1y 22|
LHS =xyz X —| -1 T 0
Xyz
-1 0 1|
x° +1 y2 z*
=] -1 1T 0
-1 0 1

On expanding along R,, we get
LHS = = 1x (=23 +1[(x* + 1) + 1(y?)]
=x?+y? + z2 +1=RHS Hence proved.
(1/2)

Get More Learning Materials Here : & m @&\ www.studentbro.in



4. Write the value of the determinant.

102 18 36
1 3 4}
173 6 Foreign 2012
[102 18 365
let A= 1 3 4]
|17 3 6|
117 3 6
:>|A}:6‘1 3 4
17 3 6
[ taking 6 common from R;]

— 6 X O :O
[ two rows(R, and R;) are identical] (1)

4 a b+c
5. Whatisthevalueof|4 b c+a|?
4 c a+b

Foreign 2010
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4
let A= 4
4

On applying C, — C, + C;, we get

A

a
b
C

4

4

4

b+c
c+a
a+b

a+b+c
a+b+c
a+b+c

b+c
C+ a
a+b

Now, taking common 4 fromC,and(a + b + ¢)
from C,, we get

1 1 b+c
A=4(a+b+c)|1 1 c+a
1 1 a+b
=4(a+b+0c)0)=0 (1)
[ C, and C, are identical]
2 3 4
6. Write the value of | 5 6 8 |.
6x . 9x  12x
| Delhi 2009
2 3 4
let A=| 5 6 8
6x 9x  12x
On taking 3x common from R;, we get
2 3 4
A=3%|5 6 8
2 3 4
=5 A=
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a—>b b-c c¢c-a
7. Write thevalueof| b—¢c ¢—-a a-b].
c—a a-b b-c

All India 2009

a-b b-c c-a
let A=|b-c c-a a-b
c—-a a-b b-c
On applying R, = R, + R, + R;, we get
0 0 0
A=|b-c c—-a a-b
c-a a-b b-c
= A=0 Q)
[ if a determinant has all elements zero in any

of its rows or columns, then value of
determinant is zero.]

4 Mark Questions

8. Using properties of determinants, prove that

b+c c+a a+b a b c
q+r r+p p+q|=2|p q r|
y+2z zZ+Xx Xx+Yy X y 2

All india 2014, 2010C; Delhi 2012, 2010, 2009C

R 8 A 8 L P i AR AR e e e s,

Q Firstly, split the determinant along their%
i * respective columns and replace determinants,!
having identical column with zero and arrange:
the remaining, to get the desired result. |

b+c c+a a+b
Consider A= g+r r+p p+g
y+z z+Xx Xx+y
On splitting A along C,, we get

b c+a a+b|
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c c+a a+b

+|r r+p p+q| (1)
Z Z+X X+Yy

Again, on splitting both above determinants
along their respective second columns, we get

b ¢ a+b b a a+b
A=|q r p+q|+|lg p ptq
Y Z X+Yy Y X X+y

‘c c a+b| |c a a+b

+|r r p+ql+ir p p+g

Z Z X+y Z X X+y
b ¢ a+b b a a+b
=lq r p+q|+ig p p+q
Yy Z X+y Yy X X+y

c a a+b

+r p ptq

Z X X+y

c c a+b
‘\r r p+q|=0,asC,isidentical toC,
Z Z X+Yy

.

g
(1)
Similarly, on splitting all above determinants
together, we get

b ¢ a bcblbaa
A=iq r pl+|q rq+‘q p p

y Z X y zZ Yy vooX X
a b| |c a a
+iq p q|+r p p
¥ o ¥y g x x
|c ab|
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+ P q

¢ X ¥y
b ¢ d] {¢ @ b
= A=|q r pi+|r p q
Y Z X} |z X Yy

[ all other determinants have their two
columns identical, so their value is 0.]

On applying C, <> C; in first and C, & C, in
second determinant, we get

a ¢ b a ¢ b
A=—\p r gqg|-|lp r g
X T N X Z vy

[ when any two columns or rows of a
determinant are interchanged, its value
becomes negative]

On applying C, «> C; in both determinants,

we get
a b c a b c
A=|p q r|+|p q r
X y z X W Z
’a b c‘
=2!p q r (1)
|x vy z

Here, we have shown that
b+c c+a a+b

gq+r r+p p+q
y+z Z4+X X+y

a b c
=2|p q T
x y Z

On taking transpose both sides, we get
lb+c a+r v+zl
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C+a

r+p z+x£

a+b p+gq x+y1
a p x
=2\b g vy (1)
¢ r Z

Hence proved.

NOTE The determinant of matrix A or its transpose
A" have same value,i.e.|A|=|A"]

9. Using properties of determinants, prove that

1+a
1
1

Consider LHS =| 1

1 1
1+b 1 |=abc +bc +ca+ab.
1 1+c All India 2014
1+a 1 1
1+b 1
11 +c

On dividing R, by a, R, by b and R; by ¢ and
multiplying the determinant by abc, we get

1 1 1
— <41 5 et
a a a
LHS = abc 1 1+‘l T
b b b
R T Y
C C C (1)
On applying R, = R, + R, + R;, we get
1T 1 T 1 1 1
1+ —+—+— —+—4+—+1
. a c a b c
1 1
LHS = abc — —+1
b b
1 1
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C C
l+1+i+1
a b c

1
— 1
- ()
LI
C

On taking (1 + 1 + %+ J—] common from R,
o a C

we get

LHS=abc(1+l+~l+-1—]

a b c

(1)
On applyingC, - C, -C,,C; > C; - C,, we
get

LHS = (abc + bc +ca + ab)! --

= (abc + bc +ca + ab) [1(1-0)]
[expanding along R, ]
= abc + bc +ca+ ab=RHS Hence proved.
(1)
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10. Using properties of determinants, prove that
X+y X X

Sx+4y  4x  2x|=x>.

10x+8y 8x  3x

All India 2014, 2009

X+y X X
To prove,| 5x + 4y 4 2x |=x°
10x+8y 8x 3x
X+Yy X X
LHS =] 5x+4y  4x 2x
10x+8y 8x 3x

On applyingR, > R, = 2R, and Ry —> R; — 3R,,

we get
X+y X X
LHS=|3x+2y 2x O (1%2)
/X+5y 5x O

On expanding along C;, we get
3x+ 2y 2x

/X+5y b5x

LHS = x (1'%2)

=X [5x 3x + 2y) — 2x (7x + 5y)]
= x [15x? +10xy — (14x% +10xy)] = X°
= RHS (1
Hence proved.
11. Using properties of determinants, prove that

a+x y z
X a+y 7z |=ad*la+x+y+2)
5 y g4 Foreign 2014
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e\) Flrstiy, we mahe (a+x+_y+z) a common factor :n

* any row or column. Now, try to make two zeroes:
in that row or column and expand the
determmant t along that row or column.

Given to prove,

la+x vy z |
‘ X a+y ]
| x y a+z[

=a2(a+x+y+z)

la+x vy z |
LHS=| X a+y | (1)
| x % a+z]

On applying C; = C; + C, + C;, we get
la+x+y+2z vy z |
LHS =|a+x+y+z a+y z ]
la+x+y+z y a+z]
1 y Z
=(a+x+y+2)|1 a+y z (1)

1 y a+z

[taking common (a + x + y + z) from C|]
On applying R, - R, =R, and R; — R; — R,

we get
1y z
LHS=(@+x+y+2z)|0 a O (1)
0O 0 a
=(a+x+y+ 2)[1(a* - 0)]
=a’(a+Xx+y+ z)=RHS (1

Hence proved.
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12. Using properties of determinants, prove that:
| x+X  2x . 2x |
I 2x  x+A  2x ‘=(5x+l)(7&—x)2.
| 2x  2x  x+A| Foreign 2014
|x+& 2x  2x |
To prove’ 2x X+ A 2x J
| 2x 2x X+ A|
=(5x+ M)A —x)?
X+ A  2x 2x |

|
LHS=I Ix  Xx+A  2x ‘
| 2x 2x x+?L|

On applying C, — C, + C, + C;, we get
| 5x+A  2x 2x |
LHS=|5x+4 x+4  2x | (1)
|5x+A  2x x+A|

|1 2x 2x |
=(5x+7L)|1 X+A  2x
|1 2x x+?«.|

[taking (5x+4) common from C,] (1)
On applying R, - R, =R, and R; —> R; —R,,

we get
|1 2x  2x |
LHS=5x+7\.‘0 A=x 0O I (1)
|0 O A —X

On expanding along C,, we get
LHS = (5x + A)[(A — X2 +0 +0]

= (5x+ A)(A —x)2=RHS (1)
Hence proved.

13. Prove the following, using properties of
determinants.

a’ bc ac +c?

a’+ab  b? ac |= ta’b?c?

2 2
o Rk Foreign 2014
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a2 bc ac +c
To prove, |a + ab b? ac
ab b? + bc c?

= 4a*b%c?
a2 bc ac +c?
LHS =(a% + ab b? ac

ab b? + bc c?

On taking common a from C, , b from C, and ¢
from C;, we get

a & a+c
LHS=abcla+ b b a (1)
b b+c C

On applying C; = C, + C, - C; we get
0 C a+c
LHS = abc 2b b a (1
2b b+c ¢

Now, applying R, = R, — R;, we get
0 C a+c
LHS=abc|0 . -c a-c (1
2b b+c ¢

On expanding along C,, we get
LHS abc [2b{c(a—c)+cla+c)}]

= 2(ab’c) (2ac)
= 4a’b%c? = RHS (1)
Hence proved.

NOTE In this type of questions, we only use either
row operations or column operations not both at
same time.
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14. Using properties of determinants, prove that

002

b b’
2

c C

To prove,

ca = (@ —b)(b—c){c —a)lbc +ca +ab) .

bc

ab

a b ¢
g b
bc ca ab

or

Dethi 2014C, 2011C

a a2
b b?
C *C2

bc
ca
ab

=(a—-b){(b—-c)(c —a)(ab + bc +ca)

a
LHS =| a?
bc

b c
b* ¢?
ca ab

On multiplying columns C,, C, andC; by a, b 1

and ¢, respectively and dividing

determinant by abc, we get

a’ b?
LHS=% 2 b
S abc abc

On taking abc common from R,, we get

1 3
LHS=——-abc | a
ab

a2

C . 1

b2
b3
1

C2

C3

abc

C2

c3

1

Now, applying C, —» C, - C, and
C, = G~ G5, we get

g2 e 5
LHS =| a® - b3 b?
0 0

(a—b)(a+ b)
=|(a-b)(@2+ab+ b)) (b-0(b*+bc+c?

Get More Learning Materials Here : &
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(b-a(b+ ¢

1

n
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the

q)

(1/2)

C2

1
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} v LV 1 |

4
On taking(a — b) and (b — ¢) common from C,
and C,, respectively and then on expanding
along R;, we get

LHS=(a-b)(b—-c)-1

a+b b+c
a Eab+b® B +b6 £c6°
On applying C, — C, — C;, we get

LHS =(a - b) (b —¢)
a+b ¢ —a

al+ab+b? c*-ad+bc-a)

On taking (¢ — a) common from C,, we get
LHS =(a-b)(b-c)(c - a)

a+b 1
al+ab+b® c+a+b

(1/2)

=(a-b)(b-c)c-a)[(a®+ab+ac +ab
+b? + bc) - (a* + ab + b?)]

=(a—b)(b—-c)(c - a)(ab + bc +ca)
= RHS (1)
Hence proved.
15. Using properties of determinants, prove that

1 x x°
2 1 x|=01- x)2.
x x* 1

Delhi 2014C, 2013; Foreign 2009

() Firstly, apply C; = C; + C, + C; and then take a
- * term common from C; and then solve it. |

1 x x
Toprove, |x* 1 x|=01-x)2

X X

|1 X xz‘
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IHS=|x? 1 «x

On applying C, - C, + C, + C;, we get
{sbxdx® x. o
LHS={1+x+x*> 1 x (1/2)

14x+x* x* 1

On taking common (1 + x + x?) from C,, we get

t x x?
LHS =+ x+x3) |1 1 X! (12
1 &

On applyingR, = R, —R, and R; = R; — R,, we
get

1 X x2
LHS=(1+x+x)0  1=-x x(1-=-x (1)
0 x(x-1) 1-x%

On expanding along C,, we get

1— il

(HS =Haxeidl] 7% ¥OA
-x(1=x (1-=x%)
Tesx x (1-x) l

= (14+x+x%) (1/2)

~x(1-% (1=x (1+x)

On taking common (1= x) from C, and C,, we
get
1

-x 1+x

LHS = (1+x+x?) (1=-%? (1/2)

=(1+x+x)(1-%% (1+x+x3
={(1+x+ :w:z}ﬁ-x)}2
= (1-x")%= RHS

[-@?+b%+ab)a-b)=a>-b] (1)
Hence proved.
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16. Showthat A

Ax  x°
A=By y*

Cz 7°

AX

Given, A =By
Cz

= A,, where

1 A
1|, Ay =|x
1 Zy
x2 1
y: 1
z= 1

B (|
y Zj
X Xy
All india 2014C

On taking common x, y and z from R,, R, and

R, respectively, we get

B 'Y zx
C z xy

A x 1/x
A=xyz|B y 1/y
C z 1/z
Now, on applying C; — xyzC;, we get
A X yz
-2 g y ZX
XyZzZ
. C z xy
A B C
Also, givenA;=| x vy z
zy zX Xy
A X yz
A"=|B y zx|
C z xy

A x yz|

(2)

A=A/ = A=A, [+]|A]|=|A]]

Get More Learning Materials Here : &
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17. Using properties of determinants, prove that

b+c a
b C+a
C C

a
b
a+b

== Labc .

L

All India 2014C, All India 2012

(,? F"'Sﬂ}'s aPP')‘ R1 —>R + R2 + R3 and then tahe a
| = term common from R and solve :t

To prove,

LHS =

On applying R, = R, + R, + R;, we get
2b +2c

LHS =

Get More Learning Materials Here : &

b +c
b

C

b+c
b

#

b
¢

b+c
b
C

a
C=ka
C
5
Cc+a
&

d

b |=4abc

a+b

a
b
a+b

2a+2c 2a+2b
c+a b
G a+b
a+c a+b
c+a b
C a+b

(M

[taking 2 common from R, ]
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On applying R, > R, - R, and R, » R, —R;,

we get
c 0 a

LHS=2b-c a -a (1)
C c a+b

On expanding along R,, we get
LHS =2[c (a® + ab + ac) + a(ch — ¢? - ac)]
=2[ca’ + abc + ac?+ ach — ac? - a%c]1 (1)
=2 [2abc] = 4abc = RHS (1)
Hence proved.

18. Using properties of determinants, prove that

1 a 03
1 b b
1 ¢ €

={a-b)(b-c){c-a)la+b+c)
Delhi 2013C, 2009C
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> Here, use row c-perations (or column:
operations) to make some factors common in:
one row or column. Then, take that factor
outside the determinant and then expand the
determinant.

ettt e S A R 4k A b S

I
i
i
|

1 a a
Given, to prove [1 b b’
1€ &

=(a-b)b-c)c-a(a+b+0)
T & &
LHS={1 b b’
1 € &

we get
1 a a’
IHS=(00 b-a b —3° (1
U g=m ¢f=a
1 = /
=0 b-a (b-a)(b®+a®+ab)
0 c—a lc-ai*+a*+ac

[2X -y =(x —y) X2 + y? + xy)]
On taking (b — a) and (c — a) common from R,
and R,, respectfully, we get
1 a g
LHS=(b-a)c-a|0 1 b%*+a%+abl )
16 ¥ e*+a*+ac

(b-ac-aflfc?+a’+ac
~(b” + a* + ab)}]
[expanding along C,]

=(b—a)(¢—a)[cz—b2+lac—ab] (1)
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=(b—a)(c—a)[(c—b)(c-'kb)+a(c——b)]
=(b - a){c — a)ic = b)ic + b + a)

=(a—-b)b-c)c—-ala+b+c) (1)
= RHS Hence proved.
Alternate Method
1 1 1
LHS=|a b « o] A=Al
# b e

On applyingC,—» C,-C,and C, —» C, -~ C;,
we get
0 0 1

IlHS=| a-b b-c C
a=bh b=

0 - 0 1

& a-b b-c C

(a = bi(a* +ab+b)b=a(b? + bc+ i
(1%%)

[oa® - b>=(a-b)(a*+ab + b?)]

On takiﬁg (a — b) common from C, and (b — ¢)
from C,, we get

LHS=(a-b)(b-c)
0 0 1
1 1 c

aE+ab+b2 b2+b'f:~|"C2 C3 (1,2)

On applying C, —» C, - C,, we get
LHS =(a-b) (b-c) -

* 0 0 1

0 1 C

(a®-c?) +(ab - bc) b2 +bc +c? 3
| 0 0 1]
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=(a—b){(b—-c) 0 1 C
(a=clla+b+c} b*+bcic

— —

2+ (a® —c?) +ab - be

.

(a-c)(a+_c)+b(a—c)
(@a-c)la+b+c)

- =

On taking (c — a) (a + b +c) common from C,,

we get
LHS=(a-b)(b-c)lc—a)(a+ b +c)

0 0 1

0 1 C (1)

<1 bhr*ebe+e? ¢é°

On expanding along column C,, we get

=(a—b) (b-0 (c—-a)(a+b+c)(—-1>< ? 1

G

—(@a-b)(b-c)lc-a(a+b+c) )
= RHS Hence proved.

=(a-b)b-c)lc-ala+b+c)[-1-1)]

NOTE In this type of questions, we only use either
row operations or column operations not both at
same time.

19. Using properties of determinants, prove that

3x —x+y —Xx+12
X—Yy 3y 2y
X—2Z VYy—Z 3z

=3(x+y+ 2z)(xy+yz+ zx). AllIndia 2013
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3x =X+y —-x+2z
Toprove, | x—-y 3y zZ-y

¥~7 N=Z 3z
=3x+y+2z)(xy+yz + zx)
3x —Xx+y —-x+z
LHS={x-y 3y Z—y

X—Z Yy—2Z 3z
On applying C,— C,+C, +C;, we get

X+Y+Z ~X+y —X+2
LHS =|x+y+z 3y zZ-y (1)
X+y+z y—-2z 3z

On taking common (x +y + z) from C,, we get
1T -x+y —x+vy
LHS=(x+y+ 2)|1 3y Z-y (1)

| 11 y-2z 3z

On applying R, = R, =R, R3 = R; —R;, we get
1 ~x+y —-x+2
LHS=(x+y+2)|0 2y+x x-y ¥))
0O x-z 2z+x

Now, on expanding along C,, we get

LHS=(x+y+2)-1- {2y +x) 2z + x)
| - (x—-y) (x—2)}

= (x+y+z2){4yz + 2xz + 2yx
+x2—x2+XY+Zx“YZ}
= (X+y+2z) - (3xy +3yz 4+ 3zx)
=3(x+y+2z)-xy+yz+2zx)=RHS (1)
Hence proved.
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20. Using properties of determinants, prove that
X X+y x+2y
X+2y X x+y |=9y2(x+y).

Xty x+2y X All India 2013
X X+y X+ 2y
To prove, |x+ 2y X . X+y
X+y X+ 2y X
=9y2(x+y)
X X+y X+ 2y]

LHS =|x+ 2y X X+y ’

’ X+y X+ 2y X

On applying R, = R, + R, + R;, we get
3x + 3y 3x+ 3y 3x+ 3y
LHS=| x + 2y X X+ y (1)

| X+ y x+2y. X |

On taking (3x + 3y) common from R,, we get
1 1 1
LHS:(3x+3y)|x+2y X X+ y

(1

|x+y x+2y x|

On applyingC, » C, - C, and
C; —» G -C,, we get

1 0 0
LHS=3 (x + y)fx+2y =2y -y (1)
I xX+y y -y
Now, expanding along R, we get
LHS =3(x + ) - 1-[(— 2y) - (=y) = () - (~y)]
=3(x +Y) 2y +y=3x+y)3yD) (1)
=9y?(x + y) = RHS Hence proved.
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21. Using properties of determinants, prove that
o B i

o B Y

B+y v+o o+f

= (o —B)PB — )y —a)lo+B + 7).
Dethi 2012C, 2010C, 2008C

o B Y
Toprove,| a’* B2 v

B+y y+a o+p

=-BP-Vy-@+p+7y)
o p Y
LHS=| o*  B* 97
B+y y+o o+p
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On applyingR; - R, +R,, we get

o B Y
LHS=| o’ B? v
e+P+y o+B+y a+B+y
o B v

2 2

=@+B+7|a’ B ¥
1 1 1

(114)

On applyingC, -» C,-C, and
C, - C,-C5, we get

| e=h By, ¥
LHS=(@+B+7 |a?-B> B*-7y2 ¥?

0 0 1

o-p B Y |

=@+B+7 | (@-Bo+P) B-pP+y ¥
0 0 1

On taking (@ —p) common from C, and
B — o) common from C,, we get

LHS =@ +B+7)a=B B -7

1 5
a+B B+y v (1%)
6 @ |l
On expanding along R;, we get
LHS=(a+B+y)(-BPB -7 1 1‘
a+P P+y

=@+B+Y@-BB-VPR+y-a-p

=-PPE-Ny-o@+B+y (1
= RHS Hence proved.
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a? a?— (b-0)? bc
b2 b2—(c-a)? ca
¢ c2—(@-bh? ab

22. Using properties of determinants, prove that

=(a=b) (b—0) (c —a) (@ +b+c)(@? +b* +c?)
All India 2012C

To prove,

LHS =

a’ a’—(b-0c)?* bc
b* b’-(-a)? ca
¢® c*=(a=-by¥ ab

(@a=—b)(b-c)(c—-a)

(2 4 b + &@E° 4 b2 3 9

a’ a’-(b-c)? bc
b? b’-(c-a?’ «ca
c? c’-(a-b? ab

On applying C, — C, - C;, we get

LHS =

On applying C, — C, + C; + 2G5, we get

a? —(b-c)® bc 23
b? - (c-a? «ca
c? —(a-b? ab
a2 b%+ c?-2bc bc
—|b? 2+ a®-2ac cal| (1)
c2 a’+ b*-2ab ab
[taking ‘ — ' common from C,]

a2 al+ b%+ c? bc

LHS = -

faa—
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ftaking (a® + b? + ¢?) common from C,] (1)
On applying R, — R, —R, and R, >R, —Rs,
we get
LHS = —(a® + b? + ¢
a’-b* 0 c(b-a
b -c? 0 alc- b

c* 1 ab

=—(@%+ b*+ cHla-bb-c)

a+b 0 —-c 2
b+c 0 —-a (1
c? 1 ab

[taking (a — b) common from C,
and (b — ¢) from C5]

On applying C; = C, = C3, we get

LHS = - (a?+b%+c? (a—b) (b—c)
a+ b+c 0 —c
a+b+c 0 —a
c’2-ab 1 ab

On expanding along C,, we get

LHS = — (a2 + b% + c?) (a — bib—c)-1)*?

(a+b+c)—a+c)
=(a-bb-c)lc-ala+b+c)
@2 +bZ2+cdH)

=RHS . Hence proved.
23. Using properties of determinants, prove
that |

—a? ab ac

ba —b? bc|=4a’b’c?
ca b —c?

Delhi 2011; All India 2011C
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-a ab ac
To prove, |ba —b? bc |=4a’b*c?

ca c¢cb —c?

g ab ac
LHS =| ba -b?  bc
ca cb —c?

On taking a, b and ¢ common from R,, R, and
R, respectively, we get

. —-a b C
IHS=abc| a -b C (1)
a b —c
Again, on taking a, b and ¢ common from
C,, C, and C; respectively, we get
-1 1 1

LHS = a?b%c?| 1 -1 1 )
1 1 =
On applying C, —» C, + C,, we get
0 1 1
LHS = a’b’c?|0 -1 1 (1

2 1 -1
=a%b%?201+1) [expandingalong C)]
= 4a’b’c? =RHS (1)
Hence proved.
24. Using properties of determinants, prove that

X y z
x2y? 2= xyzlx = y)y — 2){(z - x).
NERVE RS

Delhi 2011, 2010C
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To prove,

X y Z
X2 y? z2?|=xyz (x-y)y—2)(z =X
£ ¥y 2
X y z ‘ 1 1 1
LHS=|x?2 y? z%|=xyz| x y z
Yy 72 2 yr oz
(1/2)

[taking x, y and z common from C;, C, and
C,, respectively]
On applying C, —» C, - C, and
Cz —-) C2 - C3, We get

0 0 1
LHS=xyz| x-y y—2Z z (1%)
X2 -y y? - 22 72

On expanding along R,, we get
X—Yy y—Z

LHS = xyz 2o _ 2

(1)

On taking common (x — y) from C, and {y — 2)
from C,, we get

1 1

LHS = — —Z
Xz =Yy )x+y y+2z

=xyz (x=y)ly—2)(z —X) 1
= RHS Hence proved.
25. Using properties of determinants, prove that

x+4  2x 2x
2x x+4  2x |=(0x+4){4- %%
2x 2x  x+h

Delhi 2011, 2009
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To prove,

x+4 2x 2X
2x  x+4 2x |= BGx+4(4-x%)
2X 2x x+4

X+ 4 2Xx 2x
LHS =] 2x X+ 4 2x
2Xx 2x X+ 4
On applying R, = R, + R, + R;, we get
LHS
X+ 4+ 2%+ 2x 2X+ X+ 4+ 2x 2x+ 2x+ X+ 4
= 2X x+ 4 2X
2x 2x X+ 4
5x+4 5x+4 5x+4
= 2X X+ 4 2X (1)
2X 2X X+ 4
g 1 1 | .
=5x+4|2x x+4 2x (1/2)

2X 2x X+ 4

[ taking 5x + 4 common from R;]
Now, on applying C, = C, — C,, we get
1 0 1
=5x+4)|2x 4-x  2X (1)
2x 0 4+ x

On expanding along C,, we get

1

=(5x+4) (4- 1
(5x+ 4) (4 - X 5o i x (1)

=6x+4)(4-x4+x-2x

= (5x+ 4) (4 — x)? =RHS (1/2)

Hence proved.
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26. Using properties of determinants, solve the
following for x.

x—2 2x—3 3x-4
X—4 2x—-9 3x-16|=0
x—8 2x—27 3x-64
All India 2011; HOTS

i) Firstly, apply some operations and use
* properties, so that when we expand the
| determinant, it is easy to simplify. *

Given determinant
X—2 2x-3 3x-4
X—4 2x-9 3x-16|=0
x—8 2x—-27 3x-64
On applying R, — R, =R, and R, = R; —Rs,
we get
2 6 12

4 18 48 (=0 (1%)
x—8 2x-27 3x-64
On taking common 2 from R; and R;, we get
1 3 6
2x2| 2 9 . 24 =0 (2
x—8 2x-27 3x-—-64
On applying R, = R, — 2R,, we get
1 3 6
4, 0 3 12 =0 (1)
x—8 2x-27 3x-—64
On expanding along C;, we get
4[3(3x—-64) -122x—27)
! +(x-8(3%x12-3%6)]=0
= 4[9x — 192 — 24x + 324+ 18 (x-8)]=0

= - 4[3x-12]1=0
= C 3x=12
x=4 (1)
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2'1. Using properties of determinants, solve the
following for x.

a—x|

la+x a-x

| |

| @ =X a+x a—-xlzo

| |

0-Xx a-X G+X|  Alindia2011
The given determinant equation is

a+x a-x a-—x

a—Xx a+x a-x|=0

a-x a—-x atx

On applying C; = C; + C, + C,, we get

3a-—x a—-x a-—x
3a—Xx a+x a-x|=0 (1)
33—Xx a-—-Xx a+x

On taking 3a — x) common from C,, we get

1 a-x a-—x
B3a-x|{1 a+x a-x (1/2)
1 a-x a+xX
On applying R, » R, =R, and R3 = R3 =R,
we get
1 a-x a-—x
Ba—x)|0 2X 0 (1%2)
0 0 2X
On expanding along C,, we get
Ba— 42 Y len
2X
= Ba—-x)-2x-2x=0
= 4x* 3a—-x =0
x=0,3a (1)
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28. Using properties of determinants, solve the

following for x.
| x+a

| X X
X X+a X !:O
| X € x+a|  Alindia2011
The given determinant is
X+ a X X
X X+ a x |=0
X X X+ a

On applying C, —» C, + C, + (5, we get

3x+ a X X
3x+ a X+a x (=0 (1
3x+ a X X+ a
On taking common (3x + a) from C,, we get
1 X X
Bx+a)ll x+a x |=0 (1/2)
1 X X+ a
Now, on applying R,—>R,-R, and
R; — Ry — R,, we get
1 X X
Bx+a)|0 a 0|=0 (1%)
0 0 a
On expanding along C,, we get
3x+a)(l-a-a)=0
=% a’(3x+a=0
x=-2 (1)
3
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29. Prove, using properties of determinants

'y +k y y |
Y Vot y | =k By +k)
+ k

Ly y oy
' Foreign 2011

s o b R e e e R P R e R

(;) _Ftrst|)f, appiy Ry Re 4R+ R3 and then to tahel
. * common from R, and then solve it. ]

___________ TR SRS |

y+k y vy
Toprove,| vy y+k y |=k*Gy+Kk

y +k y y
LHS = ¥y y + k y
y y y +k

On applying R, = R, + R, + R;, we get
3y+k 3y+k 3y+k

LHS=| vy y +k y (1)
y y y+k
On taking (3y + k) common from R,, we get
1 1 1
LHS=Qy+Kk|y y+k y (/2

Y y y +k
Now, on applying C, - C, - C, and
C,— C, —(C3, we get
0 0 1
LHS =@y +k)|—k k y (1%%)
0 -k y+k
On expanding along R;, we get
LHS = 3y + k) [1kA)] -
=k? By + k =RHS 1)

Hence proved.
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30. Prove, using properties of determinants

a—-b-c 2a 20
2b b-c—-a 2b —{a+b+c)
2C 2C c—a-b>b
| Foreign 2011
To prove,
a-b-c 2a 2a
2b °~ b-c-a 2b
1 ple 2c c—-a-b
= (a+b+c)
a-b-c 2a 2a
LHS = 2b b-c-a 2b
2¢ 2c c—-a-b

On applying R, = R; + R, + R;, we get
a+b+c a+b+c a+tb+c
LHS=| 2b  b-c-a 2b
2c 2¢ c-a-b

(M

On taking (a + b +¢) common from R;, we get
1 1 1

LHS=(a+b+c)|2b b-c—-a 2b
2c 2C c—a-b
(1/2)
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Now, on applying C;— C,-C, and
C,—>C, -G, we get
0 0 1
—(a+b+9d|/b+c+a-(@a+b+c 2b
0 c+a+b c-a-b
(1%%)

On taking (a + b + ¢) common fromC; and C,,
both, we get

0 0 1

LHS=@+b+cP|1 -1 2b

0 1 c-a-b

On expanding along R,, we get

LHS =(a+ b +¢)’ [1(1)]
=(@a+b+c)=RHS ¢)

Hence proved.

31. Prove, using properties of determinants

| X+y+22 X y |
I z y + 2+ 2x y
| b4 X z+x+2yi

=2{x+y+z)3.

Foreign 2011; All India 2009C, 2008
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X+y+22z % y

To prove, z y+Z+2x y
z X Z+X+2y
=2(x+y+2z)
X+y+2z X y
LHS = z Y + Z + 2x y
z X Z+X+2y

On applying C, = C, + C, + C;, we get

2X+2y+2z X y
LHS =|2x+2y+2z y+z+2x y
2x+2y+27 X Z+xX+2y

(1)

On taking 2(x +y + z) common from C,, we

get
LHS =2 (x+y + 2)
1 X y
1 y+2z+2x y (1/2)
1 X Z+x+2y
On applyingR, = R, — R;and R; = Ry~ R,, we
get
1 X y
LHS =2(x+y+2)|0 y+ 2z +x 0
0 0 Z4 X4y
(1%)
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On taking common (x + y + z) from R, and R;,

both, we get

LHS =2 (x +y + z)°

1 X
0 1
O O

y
0
1

On expanding along C, , we get
LHS =2 (x+y+2z) [1(1-0)—=0+0]

=2 (x+y+z)>=RHS

(1
Hence proved.

32. Prove, using properties of determinants

a?+1
ab
ca

ab
b%+1
cb
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l=1+a?+b*+c2
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To prove,

at+1 ab ae
ab b2+1  bc |=1+a?+b?+c?
ca cb 241
a?+1 ab ac
LHS=| ab b?+1  bc
ca cb c?+1

1
On applying R, = 1 R, R, = 5 R, and
a

R; — 1 R;, we get
C

&+l b ¢
a
LHS=abc| a b+B- C (1
a b oc+s
C

On applying C,— aC, C,—bC, and
C; > cC; , we get

) a’+1 b2 c?
LHS = 355 a’ b2+1 2 a
e 4 b2  c?+1

On applying C, = C, + C, + G5, we get

1+ a2+ b? +c? b? ¢’
LHS =|1+ a% + b? +¢? b2+1 c?
1+a%+b% +c? b?  c?+1
1 b* c? |
=d+at+b2+cH|1t b*+1 C? (1)
1 b? P+l

[taking (1+ a’ + b% + ¢? common from C,]

Get More Learning Materials Here : & m @&\ www.studentbro.in



On applying R, > R, =R, and Ry = R; — R,

we get
1 b? ¢?
LHS=(+a?+b%+chH|lo 1 0| @1/2
0 0 1

On expanding along C,, we get

LHS=(1+a’+ b*+c?)[1(1-0)]
=1+a?+b?+c? (1/2)
= RHS Hence proved.

33. Prove that
)2 2 2

i(b +C a’ a
| b’ {c +a)’ b? |=2abcla +b+c)’.
} & c? (@ +b)?

Delhi 2010; All India 2010C
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(b +¢)? a2 a*
To prove,| b? (¢ + a)? b*
c? c? (a + b)?

=2abc(a+ b +c)?

b+c)? a? a’
LHS =| b? (a+c)* b?
c? c?  (a+b)?

On applyingC, - C, -C,and C; —» C; - C,,

we get
b+c)? a’—(b+c)?® a%—(b+c)?
LHS =| b? (a+c)’-b? 0
c? 0 @+ b)?-c?

b+c)? (@+b+c)a-b-c)
b? (a+c+b)a+c—-b)
c? 0

(@a+b+c)a—b-c)
0 (112)
(a+b+c)@a+b-c)

Fox?—y? =(x—y) (x+ V)]

On taking(a + b + ¢) common from C, and Cj,
we get

LHS =(a + b + ¢)?

w+cf.a—b—c a-b-c
b? a+c—->b 0
o 0 a+b-c
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On applying R, = R, = (R, + R;), we get

LHS=(a+ b +¢)*

2bc -2C
b*  mdee=b
c? 0

-2b
0
a+b-c

On applying Cz' - C,+ % Cy

C; =G +lC,, we get
C

2bc

LHS =(a+ b +¢)?| b?

CZ

a+c
c¥b

0

On expanding along R,, we get
LHS =(a + b +c)*[2bc(a’ + ab
+ ac+ bc- bc)]
=(a+ b +c)?2bc (a® + ab + ac)]

=(@a+b+c)>-2abc(a+b +c)
=2abc (a+ b +c)® =RHS

(1/2)

b%/c (1)
a+b

(1)

Hence proved.

34. Using properties of determinants, prove that
11+ X
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1 1 |
14y il §=xyz+xy+yz+zx.
1 1+z§
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T+x 1 1
Toprove,| 1 1+y 1

1 1 1+z
= XyZ + Xy +YZ + Zx
1+ x 1 1
LHS =| 1 1+y 1
1T 1 1+z

On dividing R, by x, R, by y and R; by z and
multiplying the determinant by xyz, we get

1 1 1
—+1 - =
X X X
1 1 1
LHS =xyz| — —-+1 -— (1)
¥ ¥ X
L R P
z z z
On applying R, > R, + R, + R;, we get
1T 1 1 1. 1.1 1T 1 1
T+—+—+— T+—+—+—T4+—+—+—
X y Z Xy z XYy Z
1 1 1
= XYz - —+1 —
y y ¥
l _1 l+‘]
z z Z

(1)
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On taking (1 + i + 1 + l) common from R,,

Il -
G Lt 1 sLhsibil |1
wegetLHS=xyz(1+..+_+_
X y Z)
1 1 [
1/y /y)+1 1/y (1/2)
1tz 1z 1/ z)+1

On applyingC, » C, - C,and C; - C; - C,,

we get
1 0 0
LHS = (xyz +yz +zx+xy)|[Vy 1 0 (1)
Bz ||| | l|]

=(xyz + Xy +yz + zx) [1(1-0)]
[ expanding along R ]
=xyz + xy +yz + zx =RHS (1/2)
' Hence proved.

il 1+p 1+p+q |
35. Provethati2 3+2p 1+3p+2q|=1
'3 6+3p 1+6p+3qg]
All India 2009
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1 1+p 1+p+q
Toprove, {2 3+2p 1+3p+2q |=1
3 6+3p 1+6p+3g

1 1+p 1+p+q
LHS =|2 3+2p 1+3p+2q
3 6+3p 1+6p+3q

On applying R, = R, — 2R, Ry = R; — 3R;, we
get '

1 1+p 1-I;p+q
LHS =|0 1 p—1 (1%)
0 3 3p-2 '

Now, on 2xpanding along C,, we get

1 p-1
LHS =1x
3p -2
=1[@p — 2) — 3Bp - 3)] (1%2)
=3p-2-3p+3=1 (1)
= RHS Hence proved.
36. Using properties of determinants, prove that
1+a?-b%>  2ab —2b i
2 1-a’+b® 20
2b Fg  A=ac=bh
=(1+a’ +b*)> Delhi 2009, 2008
To prove,
1+a’ - b? 2ab -2b
2ab 1= a4 b? 2a
2b ~2a 1-a? - b’

=01+ a’+b??
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1+ a% - b? 2ab -2b
LHS = 2ab  1-a’+b? 2a
2b 5 Pt =B

On applying C, = C, - bC; and
C, - C, + aCj, we get

1+ a2+ b? 0
LHS = 0 1+a%+ b’
b+a’+b? -a(+a’+b?
-2b
2a (1%)
1-a’ - b*
On taking (1+ a* + b% common from C, and
C,, we get
1 0 -2b
LHS=@+a’+b)*|0 1 2a (1)

b -a 1-a%-b?
On expanding along R,, we get
LHS = (1+ a2+ b)? x[1(1—a’ - b? +2a%)
~2b(0-b)]
—(1+a’+ b2 (1+a*+b?
=(1+a’+b?’ =RHS (1%)

Hence proved.

a b c |
37. Provethat|a —b Bef € =f
b+c C+a a+b|

=a’+b’> +c” —3abc.  pelhi 2009
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a b C
Toprove,|la—b b-c c—a

b+c c+a a+b

=a’ +b> +c’ - 3abc

a b C
LHS=|{a-b b-c <c-a
b+c <c+a a+b

On applying C, — C; + C, + (5, we get

a+b+c b C
LHS =1 0 b-c c-—a
2(a+ b +c) c+a a+b

1 b C
=(a+b+c)|0 b-c c-—a (1)
2

c+a a+b

[+ taking (a + b + c) common from C;]
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On applying R; = R; — 2R,, we get
LHS=(a+ b + )
1 - b C
0 b-c c-a
0 c+a—-2b a+b-2c

On expanding along C,, we get
b-c c—a |
c+a-2b a+b—-2c‘
(1%)

LHS=(a+ b +c)-1

On applying R, = R, + 2R,, we get
b-c c-a
a—-c b-a

LHS=(a+ b + )

=(@a+b+c)[(b-c)b-a) —-(a—c)(c - a)
=(a+b+c)[(b® - ab - bc + ac)

+(a% + c“= 2ca))
=(a+b+c)@2+b?+c?-ab-bc-ca

=a® + b3 + ¢ = 3abc =RHS (1%)
Hence proved.

38. Show that, if x # y # z and

X X 1+x3i
y? 1+y3%=0,then1+xyz=0.

2 3
'z 7 1+ Delhi 2008C; HOTS
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Q Firstfy, app!y propertles of determinants in LHS:
f and reduce it into simplest form. Then, equate the
lowest term to zero and use the given fact that
X# y#ztoget the deslred result :

e B e I e

2 2 s
Given,|y V? 1+y3 =Dandx £y z
¥ 2 138

The given determinant can be written as
ol Y

v ¥ dlEy vy |=0012)
z Z z2 2

1 Z
% % 1 5| e
= y y2 1+xyz|1 ¥ }?2 =0
2| =z [ 1l | | =F

[taking x, y and z common from R, R, and R;,

respectively in second determinant] (1/2)
On applying C, & Cj5 in first determinant,
we get
x 1 X 1 x X
—ly 1. yil4+xyz!1 y y?i{=0 (1/2)
e ] g* 1 z*

get
1 X 1 x x?
(-1 y y2 +xyz|1 vy yz =)
1 z z? 1"z 22
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0 X=Y xz—y2
0 y-z y*-z%|0+xyz)=0

1 Z z*

0 x-y x-y)x+y
= (1+xy2)[0 y—-z {y—-2z)ly+2)|{=0

1 Z 22

On taking (x — y) common from R, and (y — z)
from R,, we get

0 T x+vy
(I+xyz)(x—y}ly—2)|0 1 y+z|=0
1 Z z*

(1%)
On expanding along C,, we get -
(I+xyz)(x—y)ly—z)[IX(y+z})-{(x+y]=0
= (1+xyz2) x=-yY(y-2z)(z-x=0

= Either T+ xyz =0
or XxX—y=y—z=z-x=0
= X=y=2
But this is contradiction as given that
XEYEZ
1+ xyz=0 (1)

Hence proved.

39. Using properties of determinants, prove that

2y y—z-x 2y
21 2z z-x—y|=x+y+2>
X—y—-z  2x 2X

Get More Learning Materials Here : & m @&\ www.studentbro.in



| 2y  y-z-x 2y |
LHS:‘ 2z 2z zhx—y’
| x~-y~-2z 2x 2x |
On applying R, = R, + R, + R,, we get
| x+y+z x+y+z x+y+2z]|
LHS=I 27 27 z—xwy’
Ix=y=z ., 2x 2x |
On taking (x + y + z) common from R,, we get
|1 1 [
LHS=(x+y+z}, 2T 2z z—x—yl
| x-y—-2z 2x 2x |

(1
On applyingC, - C, -C,,C; - C; - C,, we

get
Eillllle 0
LHS=(x+y+z)F 27 - 0
h—ywz X+y+2z
i
- X+y+2) (1)
| X+y+2z
On taking (x +y + z) common from C, and Cj,
both, we get
ANl 0 0|
LHS:(x+y+z)3| 2z 0 —1| 1)

|B=%=2 1 1]
=()Hry'+z)3 [10 + 1)]

=(x+y+2z)’ =RHS (1
Hence proved.
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